Abstract-Demand response is designed to motivate electricity customers to modify their loads at critical time periods. The accurate estimation of impact of demand response signals to customers' consumption is central to any successful program. In practice, learning these response is nontrivial because operators can only send a limited number of signals. In addition, customer behavior also depends on a large number of exogenous covariates. These two features lead to a high dimensional inference problem with limited number of observations. In this paper, we formulate this problem by using a multivariate linear model and adopt an experimental design approach to estimate the impact of demand response signals. We show that randomized assignment, which is widely used to estimate the average treatment effect, is not efficient in reducing the variance of the estimator when a large number of covariates is present. In contrast, we present a tractable algorithm that strategically assigns demand response signals to customers. This algorithm achieves the optimal reduction in estimation variance, independent of the number of covariates. The results are validated from simulations on synthetic data.
I. INTRODUCTION
As more uncertain and intermittent renewable resources are integrated into the power system, operators are increasingly exploring flexibility in customers' consumptions to balance supply and demand. This operation is commonly known as demand response (DR). In a typical implementation of DR programs, customers receive a DR signal to elicit a change in their consumptions. This signal can be a modification of electricity prices or simply a message requesting a change in consumption [1] . An effective DR program improves the efficiency and sustainability of power systems and is a central pillar of the envisioned smartgrid [2] - [5] .
A natural question about demand response is quantifying the impact of a DR signal. That is, if a DR signal is sent to a subset of the users, what is the change in these users' consumptions because of that signal? An accurate estimate of this change is central to the operation of demand response programs: if not enough change in demand is elicited, other measures need to be taken; if too much change is elicited, the program is inefficient.
Most of existing work in this area of demand response have approached the problem from a market optimization point of view. For example, authors in [5] , [6] considered how to optimize the social welfare; and authors in [7] have considered how to create an efficient market for demand response. In all these settings, customers' responses are captured by well-defined utility functions. These functions are assumed to be known to the operators, or at least to the users themselves.
In practice, these market based approaches can be difficult to implement because customers often do not have a clear model of their own utilities. For example, consider a household with a smart energy management system (e.g., a NEST thermostat). This household will respond to a DR signal, but the response can be a complicated function of the current conditions in the household-e.g., temperature, appliances that are on, number of people at home and so on-and the user may not be consciously aware of the households' utility function. Therefore the operator needs to learn customers' responses from past history. Furthermore, because of the advancement of household sensors, this response need to be learned under a possibly high dimensional setting.
By performing enough experiments with enough customers, that is, sending enough DR signals, the operator will eventually learn the users' response with accuracy. Repeated experimentation with large group of customers, however, is impractical for two reasons. The first is that operators only sends out DR signals if the demand need to be modified appreciably, and this event does not occur all that often in the power system. The second is that because of use fatigue [8] , most utilities have agreements with their customers that a single household will only receive a limited number of DR requests [9] . Under these limited data regimes, accurately learning the response of users is nontrivial.
In this paper, we adopt an experimental design approach to the problem estimating the response of users to DR signals. We design user selection algorithms where by carefully choosing the users that receive DR signals, the maximum information about the system response can be learned.
In this paper we consider the linear setting, where a user's consumption is a linear function of a set of variables and the DR signal. We refer to the former abstractly as a user's covariates, where they could represent measurements such as temperature, appliance status, building type, behavior patterns and etc. Because of the explosive growth in sensing devices, we are particularly interested in the high dimensional case, that is, where users have a large number of covariates. We assume the impact of DR signals is additive to the original consumption behavior. Using the language of experimental design, we regard DR signal as a treatment and a user receiving a DR signal as being assigned this treatment. Then learning the DR response of the users is equivalent to learning the average treatment effect, which is the average response of the customers to the treatment [10] . The metric with respect to the estimation of the treatment effect is the variance of the estimator as more experiments are performed. Randomized trial is usually thought as the "gold standard" in these types of models mainly due to the fact that randomly assigning treatments to users removes the effect of confounding factors and provides a consistent estimate of the treatment effect. In the presence of many covariates, however, random assignment can be extremely inefficient. In fact, as we show in this paper, in the high dimensional setting, random assignment does not reduce the variance of the estimate of the average treatment effect, even as the number of treatment grows without bound. Instead, following the outline in [11] , we design a selection scheme users are picked based on their covariates to be treated.
Suppose there are n total users in the system. Under the linear models considered in this paper, the best possible lower bound on the rate of variance reduction is Ω(1/n), 1 given by considering the Fisher information [12] . As discussed above, under high dimensional settings, a randomized algorithm can only achieve Ω(1), even when are large number of fraction of users are assigned DR signals. The main contribution of this paper is: we show if the number of users selected is a constant fraction of the total number of users, there exists user assignments that achieve a variance reduction rate of Θ(1/n). This rate is independent of the dimension of the covariates, as long as it is less than n.
Our approach differs from previous effort in learning demand response in one important regard. In previous studies, the focus was on training the best predictive model and subtracting out the predicted consumption from the measured consumption [13] , [14] . In our approach, we do not ever learn a predictive model, in the sense that we do not learn the relationship between the covariates and the consumption. Rather, focus on learning a single parameter: the response to the DR signal.
The results in [11] act as an impetus to this paper. The main difference is that in [11] , the users are assigned a treatment of ±1, therefore some information is always conveyed by this assignment. In our model, the users are assigned either 1 (receives DR signal) or 0 (no signal). Therefore, for the users assigned 0, we do not obtain any information about the impact of DR signals. This makes the problem much more technically challenging, and consequently we only consider the offline assignment problem whereas [11] also considers the online assignment problem. There are extensive literature on average treatment effect estimation, and the interested reader can refer to [15] , [16] and references within.
The rest of the paper is organized as follows. Section II introduces the preliminaries and the problem throughout this paper. Section III presents the variance of the estimator 1 no estimator can reduce variance faster than 1/n obtained by random assignment. Section IV presents the variance of the estimator by optimal assignment. Section V details the simulation results obtained by either random assignment and optimal assignment. Section VI concludes the paper.
II. PRELIMINARIES AND PROBLEM FORMULATION
In this paper we assume that a user's consumption is given by a linear model. Let x i ∈ {0, 1} denotes a binary DR signal, where 1 represents that a signal is sent to user i and 0 presents that no signal is sent. A covariate vector z z z i is also associated with a user, representing available side information. For example, side information may include local temperature, user's household size, and number of electrical vehicles and so on. We denote the dimension of the covariate vector by p, and assume the last component is 1, which is the intercept. Let y i denote the consumption of user i, which is given as
where ε i is white noise with variance σ 2 = 1 (for convenience). The coefficient β is the impact of the DR signal and estimating it efficiently is the goal of the paper. The coefficient γ γ γ represents the effect of the covariate vectors.
The main technical challenge is to accurately estimate the coefficient of interest β , even when γ is high dimensional. For analytical simplicity, we assume that the entries of z z z i are drawn as i.i.d. Gaussian random variables (possibly after centering and rescaling). In simulations (Section V), we show that the results holds for other types of distributions as well. We assume there are n total users. In this model, a single user that receives two demand response signals at two different times is equivalent to two users each receiving a demand response signal. Therefore, we suppress the time dimension and label all users by i. Note that in (1), all users share a common response β to DR signals.
We denote the estimate of β byβ . The value ofβ is a function of the DR assignments, that is, the value of the x i 's. Under the linear setting in (1), the ordinary least square (ols) estimatorβ of β is unbiased for all possible allocations of DR assignments,β is centered at the true value β . The natural measure of performance is then the variance: Varβ . With some simple linear algebra, the variance ofβ is given by [17] :
where
The i'th row of the data matrix Z Z Z is given by z z z T i . We adopt the notation that Z Z Z n,p denotes a matrix Z Z Z that has n rows and p columns, while Z Z Z i: j denotes the i th to j th column of a matrix Z Z Z, where i ≤ j.
We are primarily interested in the setting where an operator can assign a limited number of x i 's to be 1. This setting reflects the limit in budget of an operator in sending DR signals. Specifically, let k be the total number of DR signal that can be sent. The goal of the operator is to strategically assign k x i 's to be 1 such that the variance ofβ is minimized. In particular, we are interested in the rate of reduction ofβ as n increases and in settings where k/n is a constant.
From (2), minimizing the variance ofβ is equivalent to maximizing the quantity x x x T P Z Z Z ⊥ x x x, and we focus on the latter quantity in the rest of the paper due to notational convenience. Two types of algorithms are of interest: i) the standard random assignment where each x i is chosen to be 1 or 0 with probability k/n, and ii) an optimal assignment procedure where x i 's are chosen to maximize x x x T P Z Z Z ⊥ x x x. Both algorithms face the constrain that only k out of n x i 's can be assigned to be 1. We characterize growth rate of quantity x x x T P Z Z Z ⊥ x x x in terms of k, n and p, or equivalently, the decay rate of Varβ .
We show that when p is relatively small compared to n, the two strategies yield similar rates of Θ(n). In a high dimensional setting where p is comparable to n, e.g., p = n − 1, however, the random assignment is essentially useless in estimating β , in the sense that x x x T P Z Z Z ⊥ x x x remains a constant in expectation as n grows. Our proposed strategy, on the other hand, improves the rate to Θ(n) in this case, as long as k/n is a constant. In Section III, we discuss the randomized strategy. The optimal assignment algorithm is then considered in Section IV.
III. RANDOM ASSIGNMENT
Random assignment has been extensively studied in literature, mainly because it balances the covariates in two groups and eliminate the influence of confounders [15] . For our model in (1), random assignment means that a subset of k x i 's are chosen at random and assigned a value 1. Theorem 1 quantifies the rate of the increase of x x x T P Z Z Z ⊥ x x x. Theorem 1. Random assignment achieves a rate of Θ((n − p)
Before proving Theorem 1, we discuss the scaling rate under the setting when k/n = ρ is a constant. In practice, this is the regime of interest since it is reasonable to suppose that a fraction (e.g. 10%) of users receives DR signals. In this case, the rate achieved by random assignment is Θ(n − p). This rate is Θ(n) when p is relatively small compared to n. However, when p is large, e.g., p = n − 1, then this rate becomes Θ(1). This rate is not desirable as it indicates that the variance of the estimator is not decaying with n even when n is large. Thus we would like to design an assignment strategy which yields an estimator that still possesses a relatively good performance even when p is very close to n. In the next section, we show that with optimal assignment, we achieve the optimal rate Θ(n) when k n = ρ. The proof of Theorem 1 follows.
Proof. We consider a random assignment where Pr{x i = 1} = k n . Then the rate becomes:
where (a) follows from linearity and cyclic permutation of the trace operator; (b) follows from definingx x x = x x x − k n ; (c) follows from multiplying out each terms inside (x x x + k n )(x x x + k n ) T and using the fact that each element inx x x has a zero mean and a variance as
T being a projection matrix onto Z Z Z. Using the fact that the eigenvalues of a projection matrix are either 0 or 1 and Z Z Z has rank p with probability one, then the trace of Z Z Z(Z Z Z T Z Z Z) −1 Z Z Z T is p with probability one. In addition, from Lemma 1, it is shown that Proof. Note that I − Z Z Z(Z Z Z T Z Z Z) −1 Z Z Z T is the projection matrix which is orthogonal to Z Z Z T , we then have the following:
where 0 0 0 is a zero vector that has length n. Note that Z Z Z has one column as the intercept, which suggests that Z Z Z T has one row where each element takes value one. Since the equality in (4) holds for every row, we then have:
which indicates that 1 1 1
IV. OPTIMAL ASSIGNMENT Instead of being randomly assigned into DR programs, users can be optimally allocated to either the treatment group or the control group depending on their covariate information, in order to obtain the best estimator of β . Mathematically speaking, we optimally assign each x i to be 0 or 1, in order to minimize the variance of the estimatorβ . This optimization problem is: maximinizê
We first discuss the upper bound on the quantity x x x T P Z Z Z ⊥ x x x (which signifies the lower bound for Varβ ). We show that it is O(n). Then we establish that under the regime of k/n = ρ, there exist algorithms that achieve a rate that meets the upper bound of O(n).
A. Optimal Rate
Before proceeding on analyzing the rate obtained by the proposed strategy, we first discuss the upper bound on the rate of x x x T P Z Z Z ⊥ x x x. Proposition 1. No assignment can achieve a better rate that O(n) [11] .
Proof. The basic idea is to derive the Fisher information with the linear regression model in (1) . The inverse of the Fisher information provides a lower bound for the variance of the estimator obtained by least squares and thus an upper bound for the quantity x x x T P Z Z Z ⊥ x x x. For more details, please refer to Proposition 1 in [11] .
In the next subsection we will show that when k n = ρ which is a constant, we achieve this upper bound.
B. Achievability of Optimal Rate
We first present the main result of this section. We assume that each element of Z Z Z 1:p−1 (excluding the intercept column) is drawn independently from a standard Gaussian distribution. This assumption will facilitate the calculation of the main result shown in Theorem 2. The algorithm associated with Theorem 2 is presented in Algorithm 1.
Theorem 2.
Recall that the rate is the growing rate of the inverse of the variance introduced in (2). This rate from optimal assignment is of Θ(
, which is independent of the dimension of covariates. More specifically, when k n = ρ is a constant, then this rate is linear, i.e., Θ(n).
Before proving Theorem 2, we first show in Lemma 2 that the worst case scenario for the rate is when p = n − 1. This scenario provides a minimum on the quantity x x x T P Z Z Z ⊥ x x x for every p where p < n, which provides a maximum for Varβ for every p < n. Thus if we can show in Theorem 2 that in the worst case scenario where p = n − 1, the growing rate of quantity x x x T P Z Z Z ⊥ x x x is Θ(n) when k n = ρ is a constant, then this rate holds for all p where p < n − 1.
Lemma 2.
Varβ is increasing in p. Consequently, if p = n − 1, the estimator yields the worse case performance [11] :
where E is taken over Z Z Z and x x x is the optimal solution to the optimization problem in (6) for a given Z Z Z.
Proof. This is a general result about linear estimation and the interested reader can refer to Lemma 5 in [11] .
Algorithm 1: Procedures to obtain the rate shown in Theorem 2. Input: Covariates Z Z Z. Output: Rate of optimal assignment and the corresponding optimal assignment strategy when p = n − 1. 1 Reduce the optimization problem in (6) to (8) using Lemma 2. 2 Compute the null space of Z Z Z T n,n−1 , denote it by y y y. Each element of y y y should independently follow a standard Gaussian distribution, according to Lemma 3. 3 Find the lower bound for the k th largest element in y y y (suppose that this element is non negative). This lower bound is shown in Lemma 4. 4 The optimal value of the objective function in (8) is at least k 2 n times this lower bound. The rate of this optimal value is stated in Theorem 2. The optimal assignment is to assign those x i 's corresponding to the k largest y i 's in y y y to be 1's and the rest to be 0's.
When p = n − 1, the rank of Z Z Z n,n−1 is one with probability one, thus we write P Z Z Z ⊥ n,p To solve the optimization problem in (8), we need to find k y i 's in y y y such that their sum is maximized, where y i is the i th element of the vector y y y. We observe that it actually suffices to provide a lower bound on this maximum sum to prove the rate.
To provide this lower bound we need to know the structure of y y y. We then show in Lemma 3 that if y y y is in the null space of Z Z Z n,n−1 , then there is a basis where each y i is drawn i.i.d. from a standard Gaussian distribution. Based on this observation, the problem is further reduced to find the lower bound on the k th largest y i , assuming that 2k is smaller than n to ensure that with overwhelming probability the k th largest y i is non negative. Let us refer to this statistic as the (n − k + 1) th order statistic of y y y and denote it by y (n−k+1) such that y (1) ≤ y (2) ≤ · · · ≤ y (n) . We present a lower bound for y (n−k+1) in Lemma 4 when k is smaller than Proof of Lemma 3. This proof follows the intuition in [18] . In [18] , to prove the null space of a Gaussian random matrix, the authors use the fact that a standard multivariate Gaussian distribution is invariant to any orthogonal transform. The difference here is that the matrix Z Z Z contains an extra column of 1's as intercept.
Denote the null space of Z Z Z T n,n−1 by y y y. It is one dimensional and satisfies:
Z Z Z 
Now we multiply y y y by an orthogonal matrix U U U T n,n on the left hand side and multiply Z Z Z T n,n−1 by U U U n,n on the right hand side. For simplicity let us write U U U n,n as U U U. Since U U UU U U T = I then the following holds:
Because Z Z Z From (10), we also require that the orthogonal matrix U U U satisfies 1 1 1 T U U U = 1 1 1. If such orthogonal matrix exists (which is easy to find), then we can rewrite (10) as:
Comparing (11) and (9), we see that U U U T y y y and y y y must be identically distributed. One distribution that satisfies this property is the standard normal distribution N(0 0 0, I). It is easy to show that identity matrix is the only covariance matrix that satisfies such condition whereas zero mean is based on the fact that 1 1 1 T y y y = 0 from (9). This observation concludes the final proof. Proof of Lemma 4. The proof is based on the fact that if in expectation, at least k y i 's is greater than a constant, then the kth largest y i must be greater than this constant [19] . Mathematically speaking, we want E{|i :
Q function of Gaussian distribution does not have a close form expression, so we are interested in a tight lower bound for it in order to obtain a lower bound for (12) . Many lower bounds are obtained in literature [20] - [23] . In particular, [22] provides a lower bound that is valid when the argument is small, and [20] provides a lower bound that is the tightest when the argument becomes relatively large. The lower bounds (bound 1 through bound 4, from [20] - [23] respectively) are presented in (13a) through (13d).
Note that bound 3 (in (13c)) is only valid when x is small. A comparison of these four bounds are shown in Fig.1 . It is shown in semilogarithmic plot where y-axis is in a logarithmic scale and x-axis is in a linear scale.
Assume that C log n k is small, i.e., when k n = 1 2 − ε which is slightly smaller than 1 2 but greater than 1 4 . In this range the lower bound provided in (13c) is the tightest. Use this lower bound we obtain the constant C that is universally applicable for that (12) holds when n k is small. After some simple calculation, we obtain the constant C =
. Although (13a) provides the tightest bound when C log n k gets bigger, this lower bound includes two exponential terms which complicate the calculation. Actually when
, we can obtain a fairly good but conservative constant C for the lower bound provided in (13d) with only one exponential term. The constant C in this case when n k is relatively large is calculated as 1 − log 8π−1 2 log 4 ≈ 0.445. Now we can use the introduced lemmas to prove Theorem 2. A summary is presented in Algorithm 1, illustrating the procedures to obtaining the rate stated in Theorem 2 using the proposed lemmas. This algorithm also provides the optimal assignment strategy when p = n − 1. Proof of Theorem 2. We will focus on the case when p = n − 1 since it provides the worst case rate for every p < n, as stated in Lemma 2.
From lemma 3, we know that y y y ∼ N(0, I n ), we then obtain the following results:
where (a) is based on the multivariate delta method [24] , (b) comes from Jensen's inequality and (c) is based on Lemma 3 and Lemma 4. Specifically, if k n = ρ, then (14) can be written as:
Another interesting case is when k = log n, (14) can be written as:
As can be seen from Theorem 2, we will obtain the optimal rate Θ(n) by replacing k n as a constant. This indicates that with optimal assignment, the estimation variance will indeed decay with n instead of being a constant as shown in Theorem 1, when the dimension of the covariates p is comparable to n. This is very interesting as it indicates that even in a high dimensional setting, the variance of the estimator will decay optimally by solving the variance minimization problem.
In all, Algorithm 1 does not only provide the procedure to obtain the optimal rate in Theorem 2, but also an assignment strategy as well. For a general case when p < n − 1, we adopt a standard SDP relaxation and interested readers can refer to [25] .
V. SIMULATION
In this section we show the comparison results between random assignment and optimal assignment. We simulate the covariates from two different distributions, i.e., Gaussian distribution and uniform distribution.
A. Gaussian Ensemble
We first generate the covariates as they are drawn from i.i.d. Gaussian ensemble, i.e., N(0 0 0, I). We compare two cases where n = 3k and n = 5k in Fig. 2 . Note that Fig. 2 is shown in semilogarithmic plot where the y-axis has a logarithmic scale and the x-axis has a linear scale. In addition, we adopt the value of θ in [26] , i.e., 0.9 for n = 3k and 0.94 for n = 5k. We let p = n − 1 to obtain the worst case performance.
Besides SDP relaxation, we also simulate a greedy based assignment to maximize the weighted edges induced by k vertices. The greedy assignment sequentially eliminates vertices and works as follows: we start with the original graph and a set containing all vertex. At each elimination step, the vertex with the least weighted edges are eliminated from the set until this set contains exactly k vertices. This greedy algorithm is introduced in [27] .
In addition, we use the result from branch and bound (upper bound) to serve as the reference in order to compare the random assignment and the proposed optimal assignment. The duality gap for branch and bound is set to be 0.05 for all n when n = 3k. Due to computational complexity and time constraints, we set this gap to be around 0.25 when n is big in the case of n = 5k.
In Fig. 2 , we see that the semilog plot on Var
x x x) is growing with n and similar to log n. This suggests that Var −1β is linear in n. In addition, It is very close to the solution obtained by branch and bound, meaning that the result from SDP relaxation is close to the optimal solution in (6) .
On the other hand, the semilog plot on Var −1β from random assignment is a constant on average across different values of n, whether k is small or large. This validates Theorem 1 as it states that the rate is Θ(1) when p = n − 1. In this case, we cannot obtain an efficient estimator since the variance is not decaying even when n is big.
What is more, the greedy assignment does not provide a relatively good performance as well. It yields a constant x x x, assuming Gaussian distribution of Z Z Z 1:n−2 . The yaxis is shown in a logarithmic scale and the x-axis is shown in a linear scale. Upper plot shows the rate when n = 3k, lower plot shows the corresponding rate when n = 5k.
Varβ as random assignment. This suggests although both the greedy algorithm and SDP relaxation are aimed to solve an optimization problem, the solution from SDP relaxation is much better and reliable.
B. Uniform Ensemble
Although we discuss the rate of quantity x x x T P Z Z Z ⊥ n,n−1 x x x with respect to Gaussian ensemble, we also simulate the covariates where the elements are drawn from a uniform distribution in an interval [-1,1] . The results are shown in Fig. 3 , which is again a semilogarithmic graph. We take θ to be 0.9 when n = 3k and 0.94 when n = 5k. The duality gap is 0.05 when n = 3k. When n = 5k, the duality gap is around 0.1 to 0.2 for n greater than 100 and is 0.25 for n = 200.
The observation from Fig. 3 is similar to the analysis in the case of Gaussian ensemble, that the solution obtained from SDP relaxation is still within a constant of the branch and bound solution for 10 ≤ n ≤ 200. Again, greedy algorithm fails to find a solution close to that by branch and bound and performs as poorly as the random assignment.
VI. CONCLUSION
In this paper, we estimate the average treatment effect of demand response (DR) signals. We adopt an additive linear regression model and discuss two different strategies to assign DR signals to users under limited assignment budgets. The first strategy randomly picks k users and sends DR x x x, assuming uniform distribution of Z Z Z 1:n−2 . Upper plot shows the rate when n = 3k, lower plot shows the corresponding rate when n = 5k. signals to them. The second strategy optimally assigns DR signals to k users by minimizing the variance to estimate treatment effect. We show that in a high dimensional setting, the second strategy achieves order optimal rates in variance reduction, whereas random assignment does not reduce variance even as the number of users grows. The simulation results validate this proposition with the synthetic data on both i.i.d. Gaussian covariates and uniform covariates. This work provides a framework for further research in applying causal inference in analyzing consumption data and DR interventions.
